The aim of this paper is to create a large geometrical background on the dual 1-jet space J 1 * (T , M ) for a multi-time Hamiltonian approach of the electromagnetic and gravitational physical fields. Our geometricphysical construction is achieved starting only from a given quadratic Hamiltonian function
Distinguished Riemannian geometrization of metrical multi-time Hamilton spaces
Let us consider that h = (h ab (t)) is a semi-Riemannian metric on the "multitime" (temporal ) manifold T m , where m = dim T . Let g = g ij (t c , x k , p c k ) be a symmetric d-tensor on the dual 1-jet space E * = J 1 * (T , M ), which has the rank n = dim M and a constant signature. At the same time, let us consider a smooth multi-time Hamiltonian function
which yields the fundamental vertical metrical d-tensor Example 3 Let us consider the Kronecker h-regular multi-time Hamiltonian function H 1 : E * → R, given by
where h ab (t) (ϕ ij (x), respectively) is a semi-Riemannian metric on the temporal (spatial, respectively) manifold T (M , respectively) having the physical meaning of gravitational potentials, and m and c are the known constants from Theoretical Physics representing the mass of the test body and the speed of light. Then, the multi-time Hamilton space GM H n m = (E * , H 1 ) is called the multi-time Hamilton space of the gravitational field.
Example 4 If we consider on E * a symmetric d-tensor field g ij (t, x), having the rank n and a constant signature, we can define the Kronecker h-regular multi-time Hamiltonian function H 2 : E * → R, by setting
where U (i) (a) (t, x) is a d-tensor field on E * , and F (t, x) is a function on E * . Then, the multi-time Hamilton space N EDM H n m = (E * , H 2 ) is called the non-autonomous multi-time Hamilton space of electrodynamics. The dynamical character of the gravitational potentials g ij (t, x) (i.e., the dependence on the temporal coordinates t c ) motivated us to use the word "non-autonomous".
An important role for the subsequent development of our distinguished Riemannian geometrical theory for multi-time Hamilton spaces is represented by the following result (proved in the paper [2] ):
Theorem 5 If we have m = dim T ≥ 2, then the following statements are equivalent:
(i) H is a Kronecker h-regular multi-time Hamiltonian function on E * .
(ii) The multi-time Hamiltonian function H reduces to a multi-time Hamiltonian function of non-autonomous electrodynamic type. In other words, we have
Corollary 6 The fundamental vertical metrical d-tensor of a Kronecker hregular multi-time Hamiltonian function H has the form
Following now the Miron's geometrical ideas from [13] , the paper [2] proves that any Kronecker h-regular multi-time Hamiltonian function H produces a natural nonlinear connection on the dual 1-jet space E * , which depends only by the given Hamiltonian function H:
are the Christoffel symbols of the semi-Riemannian temporal metric h ab )
represents a nonlinear connection on E * . This is called the canonical nonlinear connection of the multi-time Hamilton space M H n m = (E * , H).
Taking into account the Theorem 5 and using the generalized spatial Christoffel symbols of the d-tensor g ij , which are given by
we immediately obtain the following geometrical result: 
and
(i)j on E * allows us the construction of the adapted bases
The main result of the metrical multi-time Hamilton geometry is the Theorem of existence of the Cartan canonical h-normal N -linear connection CΓ (N ) (see [16] ) which allows the subsequent development of our metrical multi-time Hamilton theory of physical fields. 
having the metrical properties:
where " /a ", " |k " and "| 
(ii) In the case m = dim T ≥ 2, the adapted coefficients of the Cartan canonical connection CΓ(N ) of the multi-time Hamilton space M H n m reduce to
Applying the formulas that determine the local d-torsions and d-curvatures of an h-normal N -linear connection DΓ(N ) (see [15] ) to the Cartan canonical connection CΓ(N ), we obtain (see [16] ):
The torsion tensor T of the Cartan canonical connection CΓ(N ) of the multi-time Hamilton space M H n m is determined by the adapted local dcomponents
(ii) for m = dim T ≥ 2, using the equality (5) and the notations
we have
Theorem 12
The curvature tensor R of the Cartan connection CΓ(N ) of the multi-time Hamilton space M H n m is determined by the following adapted local curvature d-tensors:
where, for m = dim T ≥ 2, we have the relations
and, generally, the following formulas are true:
(ii) for m = dim T ≥ 2, we have
In the next Sections, following the physical and geometrical ideas of the already classical Lagrangian geometry of physical fields (see [12] , [13] and [14] ), we construct a possible multi-time Hamiltonian approach of the electromagnetic and gravitational physical fields, which is characterized by some natural geometrical Maxwell-like and Einstein-like equations. To reach this aim, we consider a multi-time Hamilton space M H 
where p Taking into account the expressions of the local covariant derivatives of the Cartan connection CΓ(N ) (see the paper [15] ), by a direct calculation, we obtain 
In order to construct our metrical multi-time Hamiltonian theory of electromagnetism, we introduce the following concept:
where
is called the multi-time electromagnetic field of the metrical multi-time Hamilton space M H n m .
By a straightforward calculation, the Proposition 13 implies
Proposition 15 The components F (i) in the case m = dim T = 1, we have
(1)(1) = 0;
(ii) in the case m = dim T ≥ 2, we have
The main result of our abstract geometrical Hamilton multi-time electromagnetism is given by (i) for m = dim T = 1, we have
(1)(1) P
(1) (k) (r)j (1) ;
where A {i,j} means an alternate sum, {i,j,k} means a cyclic sum, and we used the notations p
Proof. The general Ricci identities (see [15] and [16] ) applied to g ij lead us to the equalities:
Let us consider the following non-metrical deflection d-tensor identities ( [15] ):
where ∆ (a)
Contracting the above deflection d-tensor identities with the fundamental vertical metrical d-tensor G (i)(p)
(a)(d) , and using the equalities (12), we obtain the following metrical deflection d-tensor identities:
To obtain the first (respectively, the third) geometrical Maxwell-like equation, we permute the indices i and k in the identity (d ′ 1 ) (respectively, the indices i and j in the identity (d ′ 3 )), and we subtract this new identity from the initial one. For m = dim T ≥ 2 we find the following new identity:
Consequently, doing a cyclic sum by {i, j, k} for m ≥ 2, we obtain what we were looking for. Doing a cyclic sum after the indices {i, j, k} in the identity (d 3 Multi-time Hamilton gravitational field. Geometrical Einstein-like equations
Let us consider that h = (h ab (t)) is a fixed semi-Riemannian metric on the temporal manifold T and let
be an "a priori" given nonlinear connection on the dual 1-jet space J 1 * (T , M ). Let δp a i = dp 
Now, taking a multi-time Hamilton space M H n m = (E * , H), via its funda-
(a)(b) (which is given by (4)) and its canonical nonlinear connection N , we naturally construct a corresponding multi-time gravitational h-potential on E * , setting
At the same time, let us consider that
is the Cartan canonical connection of the multi-time Hamilton space M H n m . Postulate. We postulate that the geometrical Einstein-like equations, which govern the multi-time gravitational h-potential G of the multi-time Hamilton space M H n m , are the abstract geometrical Einstein equations attached to the Cartan canonical connection CΓ(N ) and to the adapted metric G on E * , namely
where Ric(CΓ) represents the Ricci tensor of the Cartan connection, Sc(CΓ) is the scalar curvature, K is the Einstein constant and T is an intrinsic d-tensor of matter, which is called the stress-energy d-tensor of polymomenta.
In the adapted basis of vector fields
which is produced by the canonical nonlinear connection N of the multi-time Hamilton space M H n m , the curvature tensor R of the Cartan canonical connection CΓ(N ) is locally expressed by
It follows that we have
Taking into account, on the one hand, the form of the metrical d-tensor G = (G AB ) of the multi-time Hamilton space M H (i) for m = dim T = 1, we have
Using the notations χ = h ab χ ab , R = g ij R ij and S = h 
where T AB , A, B ∈ a, i,
represent the adapted components of the stressenergy d-tensor of matter T.
Remark 21 In order to have the compatibility of the system of geometrical Einstein-like equations, it is necessary the "a priori" vanishing of certain adapted components of the stress-energy d-tensor of matter T. 
(i)1 = h 11 g iq P (q)
(i)j = h 11 g iq P
(1)j , P i(j)
(1) = g iq P 
where χ
Open problem. The authors of this paper consider that the finding of a possible real physical meaning of the present multi-time Hamiltonian geometrical theories of gravity and electromagnetism may be an open problem for physicists.
